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Abstract We investigate a hybrid quantum platform composed of three spatially separated cavity—-magnon—phonon units, each
realized by placing a yttrium iron garnet (YIG) sphere inside an individual microwave cavity. The cavities are mutually uncoupled,
and no direct cavity—cavity interaction is introduced. Instead, nonlocal quantum correlations are supplied by externally prepared
nonclassical three-mode entangled probe fields that are injected independently into the three cavities and act as a shared quantum
resource. Our focus is not on modeling or monitoring the source that generates the entangled probes, but rather on how such
injected nonclassical inputs are redistributed and converted into steady-state hybrid entanglement via local magnon—photon and
magnon—phonon interactions within each cavity. Treating each subsystem as coupled to an independent Markovian reservoir, we
analyze the driven—dissipative dynamics in a linearized quantum Langevin framework and solve the Lyapunov equation for the
steady-state covariance matrix. We systematically characterize the distributed entanglement structure among remote magnons (m1,
my, m3), cavity photons (ay, az, az), and representative hybrid triplets including (a;, ma, m3), (my, b1, mz), and (a1, az, b3). Our
results show that robust steady-state tripartite entanglement can be established and maintained under realistic parameters , and that
engineered nonclassical probe fields substantially enhance and distribute genuine tripartite entanglement between distant subsystems
beyond what is achievable via purely classical phase synchronization. The proposed modular and reconfigurable architecture offers
a scalable route toward continuous-variable quantum networks, distributed quantum memories, and hybrid interfaces tailored for
quantum transduction applications.

1 Introduction

Minimizing energy dissipation in spin-wave quanta, or magnons, has become a central objective in the development of next-generation
quantum technologies [1-7]. This effort is largely motivated by the intrinsically low magnetic damping and high spin density of
magnons, which together enable access to strong coupling regimes [8]. Among available magnonic media, yttrium iron garnet
(YIG) has emerged as a benchmark material in cavity quantum electrodynamics and a promising platform for quantum information
processing [3, 9-11]. YIG-based systems provide a versatile setting to explore the interplay between magnons, phonons, and cavity
electromagnetic modes. In particular, the strong interaction between collective spin excitations [12] and cavity photons enables
coherent interconversion of different excitation types [8, 13, 14], thereby opening routes toward novel quantum technologies.
Entanglement [15] has emerged as a central resource in quantum information science [16], with its generation, control, and
detection increasingly realized in microscopic quantum platforms [16, 17]. At the same time, entanglement is not confined to the
microscopic domain; it also manifests in macroscopic systems, where it serves as a powerful probe of fundamental physics and
underpins the formulation of key quantum theoretical frameworks [18]. This broad relevance across physical scales highlights
its foundational role in modern quantum science. Recent advances in this direction have significantly driven progress in cavity
optomechanics and quantum information processing [19]. An experimental realization of optomechanical entanglement involving
cavity field modes and a macroscopic mitror was reported by Vitali et al. [20], while entanglement and mechanical squeezing
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have also been realized in optomechanical settings [21]. A range of further studies on entanglement in cavity optomechanics can
be found in Refs. [22-28]. Beyond their fundamental interest, these systems offer promising prospects for practical applications,
including high-precision weak-force sensing [29, 30], gravitational-wave detection [31], engineered mechanical oscillators [32],
and single-photon detection [19, 33].

In recent years, drawing motivation from cavity optomechanics, a variety of magnomechanical proposals have been introduced
to realize bipartite and tripartite entanglement through the coherent coupling of magnon modes with microwave cavity fields in YIG
spheres [34]. Along similar lines, configurations consisting of two magnon modes localized in distinct YIG spheres and coupled
via a shared microwave cavity mode have also been theoretically investigated [35]. Subsequent studies [36] demonstrated that,
within related setups, the strength of both bipartite and tripartite entanglement can be markedly increased by embedding an optical
parametric amplifier (OPA) inside a single microwave cavity. More recent work has further revealed that Kerr-type nonlinearities
offer an alternative mechanism for enhancing entanglement in these systems [37, 38]. In parallel, periodically driven and non-
Hermitian quantum systems have attracted growing attention due to their unconventional topological properties and dynamical
control capabilities [39, 40], offering new perspectives for engineering robust quantum states beyond equilibrium settings. Such
Floquet-engineered and non-Hermitian approaches provide valuable theoretical insights that complement the exploration of hybrid
magnonic platforms. Collectively, these advances establish cavity magnomechanics [38] as a flexible and robust framework for
the generation and control of nonclassical states of hybrid light-matter systems [34, 41-44]. The distinctive coupling mechanisms,
nonlinear effects, and driven-system concepts in these platforms offer rich opportunities for exploring quantum correlations and
advancing emerging quantum technologies based on magnon—photon—phonon interactions.

Within cavity magnomechanical platforms, considerable effort has been devoted to engineering quantum squeezed states of
magnons and phonons [45]. One line of work proposes schemes to generate quantum entanglement and realize unidirectional
quantum steering among different mode pairs in such systems [46]. Entanglement properties of antiferromagnet-light hybrids have
also been examined [47], demonstrating that magnon—magnon entanglement is strengthened when the antiferromagnetic resonance
is tuned to the optical field. Moreover, it has been shown that magnon squeezing arising from the intrinsic self-Kerr nonlinearity of
magnons can substantially enhance the correlations between the magnon—phonon, magnon—photon, and photon—phonon subsystems
[48]. In addition, extensive investigations into entanglement effects within cavity magnomechanical systems have been reported in
Refs. [49-53].

Entanglement enhancement in cavity magnomechanical systems has been explored, for instance, by incorporating an OPA into the
cavity, which acts as an internal source of squeezing and amplifies quantum correlations between the constituent modes [54]. Along
similar lines, it has been demonstrated that a two-mode squeezed vacuum field can efficiently generate entanglement between two
microwave cavities through state-swap interactions in a dual microwave cavity—optomechanical configuration [55]. More recently,
the role of direct cavity—cavity coupling in controlling both the strength and redistribution of quantum entanglement among different
subsystems has been systematically analyzed in multimode magnonic architectures [56].

In this work, we theoretically investigate a hybrid platform consisting of three spatially separated microwave cavities, each
containing a single YIG sphere placed at the magnetic antinode of the cavity mode to maximize the light-matter interaction. The
cavities are mutually uncoupled, providing a setting in which any nonlocal quantum correlations originate from the properties of
the input fields rather than from direct inter-cavity coupling. We instead concentrate on how the injected quantum correlations are
transferred, redistributed, and transformed into steady-state hybrid entanglement via the local magnon—photon and magnon—phonon
interactions within each cavity, while each YIG sphere experiences a homogeneous external bias magnetic field that sets the Zeeman
splitting required for coherent magnon—photon coupling, while an additional microwave drive (not shown in the schematic) is used
to tune the magnon modes and enhance their interaction with the phonon degrees of freedom. In this configuration, the bias field
establishes coherent magnon—photon interaction, the microwave drive tailors the magnon dynamics and effectively strengthens the
magnomechanical coupling, and the intrinsic cavity magnetic field governs the photon dynamics while remaining orthogonal to the
applied fields.

Within this architecture, we focus on the formation of steady-state tripartite entanglement among the magnon, photon, and phonon
modes in each cavity, as well as on the emergence of distributed hybrid correlations across different nodes. We systematically analyze
entanglement patterns involving remote magnons, cavity photons, and various tripartite groupings and show how the nonclassical
character of the input fields, combined with local hybrid interactions, can substantially enhance and distribute genuine tripartite
entanglement across the uncoupled array. Our scheme explicitly exploits nonclassical input light to boost the strength and robustness
of steady-state tripartite entanglement in a multi-cavity magnomechanical network, thereby opening a viable route toward distributed
quantum networks, quantum memories, and hybrid interfaces for quantum transduction.

In Sect. 2, we present the system and its Hamiltonian. Section 3 provides a brief discussion of the theoretical results. Finally,
Sect. 4 concludes the report with a summary of our work.

2 Model

We consider a three-cavity magnomechanical system, schematically shown in Fig. 1, where each microwave cavity hosts a single
YIG sphere of diameter 250 um [57]. In each sphere, magnon modes arise as collective spin excitations generated by the magnetic
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Fig. 1 Schematic illustration of
the tripartite entanglement process
involving three entangled probe
fields generated via parametric
down-conversion in a nonlinear
BBO crystal. The resulting
entangled squeezed fields are
individually injected into three
separate cavities, labeled a1, az,
and a3, each containing a YIG
(yttrium iron garnet) sphere
positioned at the magnetic
antinode of the corresponding
cavity mode to maximize
magnon—photon coupling. The
arrows denote externally applied
static bias magnetic fields (Bpias),
oriented to facilitate hybridization
between cavity photons and
collective spin excitations
(magnons) within each YIG
sphere

BBO Source

interactions between atomic magnetic moments in the crystal lattice [58]. The characteristics of these magnon modes, such as their
frequencies and spatial profiles are determined by the crystal structure, the strength of the spin—spin interactions, and the externally
applied bias magnetic field. Similarly, phonon modes correspond to quantized lattice vibrations, which can be classified (e.g.,
longitudinal, transverse, acoustic) according to their frequency and propagation direction, and are likewise shaped by the underlying
crystal and magnetic properties of YIG.

For a YIG sphere of diameter 250 pm, the magnon Kerr coefficientis K,,; /2w ~ 6.4 x 10~ Hz. When the condition K ;| {m;)|> <
2; is satisfied, the Kerr nonlinearity can be safely neglected. In our parameter regime one finds K,;| (m;)]?~ 5.7 x 10'3 Hz and
Qi =71x 1014 Hz, so that this condition holds and the Kerr term is omitted in what follows.

In the present work, we assume that the three cavity probe fields are prepared in a nonclassical entangled state generated by a
common nonlinear, laser-driven source (for instance, an SPDC process in a BBO crystal). The resulting entangled squeezed fields
are individually injected into three separate cavities. At the level of the mean amplitudes, this corresponds to effective coherent
drives with complex strengths £ piei‘/’i , as they appear in the Hamiltonian below. In this approach, the entanglement of the probe
fields is treated as an external quantum resource that seeds nonlocal correlations across cavities, while the environmental noise
acting on each subsystem remains local and uncorrelated.

The total Hamiltonian of the three-cavity magnomechanical system, in a suitable rotating frame, can be written as:

3 3 3
H= Z ﬁAm’ a;ra,- + Z ﬁAmi mle,- + Z hwh,- b;rb,'
i=1 i=1 i=1
3 . 3
+ Z hgmai (a,'l m; + aim;) + Z hgmbi mj'-mi(bi + b;) (1)

i=1 i=1

3 3
+ ZiQi(miT —m;) + Zé’pi(a;elw" +aje %),

i=1 i=1

where a; (al.T ), m; (mj.'), and b; (b;n) denote, respectively, the annihilation (creation) operators of the cavity photon, magnon, and
phonon modes in the ith cavity; A, = @, — wo; and A, = w,,i — wo; represent the detuning of the cavity and magnon modes; wp;
is the mechanical frequency; g, and g,,p; are the cavity—magnon and magnomechanical coupling strengths; €2; is the amplitude
of the coherent microwave drive applied to the magnon mode; and £,; and ¢; describe the effective drive strength and phase of
the probe field injected into cavity i. Here, g,5; represents the magnomechanical coupling rate between the magnon and phonon
modes, while g,,4; is the magnon—microwave coupling rate. The Rabi frequency 2 = éy«/ﬁ By [59] represents the strength of
the driving magnetic field with amplitude By. Here, y /2 = 28 GHz/T, N = pV, where p = 4.22 x 10>’ m~3 is the spin density
and V is the volume of the YIG sphere [60].

After considering the corresponding dissipation and fluctuating terms, the Heisenberg—Langevin equation [62] based on the total
Hamiltonian in Eq. (1) reads:

a; = —(1Agi +K4i)a; — igmaimi — iEpie'? +\/2u4ia;", 2

i = = Dmi + ki i — i8mai@i — igmpimi (bi + b))+ + / 2umim!", 3)
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Fig. 2 a Real part of the Eigenvalues of the matrix Z for the exact same parameters given in the main text. b Maximum real eigenvalue of the matrix Z vs
coupling strength g;,51
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Fig. 3 Plot of the tripartite entanglement R?‘i“ as a function of the effective magnon drive and cavity detuning parameters. Subfigures a—c show the variation
of R‘rnin with respect to the normalized detuning A,,1/0.9wp1: @ magnon—magnon—magnon (ml, m2, m3), b cavity—magnon—magnon (al, m2, m3),
¢ magnon—phonon-magnon (ml, bl, m2) entanglement configurations. Subfigure d illustrates the cavity—cavity—cavity (al, a2, a3) tripartite entanglement
plotted as a function of the normalized detuning A,3/(—wp3). The parameters used are: g,,41/2m = 3.2 MHz, g,42/2n = 3.0 MHz, g,,43/2m = 3.2
MHz, g;pi /27n = 0.3 Hz, wp; /2r = 10 MHz, Q; = 7.1 x 1014 Hz, Ayi = —wp;, Am[ = 0.9wp;, ypi /2w = 100 Hz, «,; /2w = 1 MHz, and «,,; /2w = 1
MHz [34, 61]

Bi = —(iwp; + ybi)bi — igmbimjmi + Zybibf". 4

Next, we linearize the equations around the steady-state values, introducing small fluctuations around these values. We achieve this

by expressing the operators as a; = a;g + 8a;, m; = «; + dm;, and b; = b;s + §b;. The resulting fluctuation equations can then be
written as:

dis +8a; = —(iAgi + Kai Nais +8a;) — igmai (@i +8m;) + v/ 26qial”, ®)
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& + 81t = —((Ami + ki N +6m;) — igmai(@is + 8a;) — igmpi (i +8m;)(bis +8b; + b +8b] ) +/26cmim™, (6)
bis +8b; = —(iwp; + Vi) bis + 8b;) — igmpi (o +8m¥ )i +8my)) + 2}’bib,i‘n- @)

In Egs. (5)—(7), af", mﬁ", and bf" represent the input noise operators corresponding to the cavity, magnon, and mechanical modes,
respectively. Additionally, y; is the damping rate of the mechanical modes. These input noise operators are assumed to have nonzero
correlation functions [63].

The noise correlation functions used in our model follow standard quantum Langevin theory and are derived under the assumption
of independent, Markovian reservoirs. These correlations take the form:

(@™ ()al"(t)) = Ns(t — 1) ®)

(@l"(Haj" (¢) = Nai + D3t — 1) ©)

(" (Omi" (1)) = Npidt — 1) (10)

(mi" (Om!" (1)) = (N + DS — 1) (an

B OB )) = Npid(t — 1) (12)

B ) = (Npi + 181 —1) (13)

(@"()al (1)) = My 2Expl—iwp(t +1)15¢ — 1) (14)

(@ (D) (1)) = MasExpl—iwp(t + 118G — 1) (15

(@f" (a} (1)) = M Expl—iwp(t +1)18(t — 1) (16)
where for x = m, b, Ny, (wx;) = [exp(hwy, /kpTy,) — 117! is the thermal occupation number of the respective bath and

N1 = sinh(r12) + sinh?(r12) 17)

Naz = sinh(rp3) + sinh?(ry3) (18)

Na3 = sinh(r3 ) + sinh?(r3 ;) (19)

M2 = sinh(r; 2)cosh(r 2) (20)

M3 = sinh(r,.3)cosh(r2.3) 1)

M3, = sinh(r3 )cosh(r3 1) (22)

We assume that the three cavity inputs are prepared in a stationary three-mode Gaussian entangled state (e.g., from SPDC in a BBO
crystal). These nonclassical correlations are encoded in the input noise covariance matrix and enter the Lyapunov equation via the
diffusion matrix D.

The diffusion matrix D is the stationary noise correlation matrix which is defined by D; j = 1/2 n,'(t)nj(t/) + nj(t/)n,'(t) with
(i, j =1, 2,3, 4...18). which can be determind by using Egs. (8) to (16).

Here, a Markov approximation has been made, which is valid when the mechanical quality factor is Q = %" > 1[64].

Since our primary interest lies in the quantum correlation properties of the three-cavity magnon mode system, we focus on
the dynamics of its quantum fluctuations. The linearized quantum Langevin equations governing the fluctuations of the system
quadratures are given by:

V28A1 = (8ar +8a)), 28Bi =i(Sa] — say), (23)
V2843 = (8az + 8a)), ~28By = i(8a) — San), 24)
V28A3 = (8az +8a), ~/28B3 = i(8a] — sa3), (25)
V25C) = (Smy +8m}), V28Dy = i(Sm| — smy), (26)
V25C; = (Sma +8m3), V28Ds = i(Smh — Smo), 7
V28C3 = (8m3 +8m}), ~28D3 = i(Sm}, — sm3), (28)
V28E1 = (8b1 + b)), ~25F =i(8b] — 8by), (29)
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V28Ey = (8by + b)), ~28F> = i(8b} — 8b»), (30)
V28 Es = (8b3 + 8b}), ~/25F5 = i(8b} — 8b3), 31)
V2AM = (@ + a,m), V2B = i(a}m —am, (32)
V20 = m +m™), V2D = i(m"" — mi"), (33)
V2EP = b + ™), V2FM =ip™ — bl (34)
By substituting the quadratures described above into Egs. (5), (6), and (7), we derive the following equations:
SAi = —KaiSA; + NaiSBi + gmaidDi + /2K 4 A (35)
8Bi = —NuibA; — kai8Bi — gmai8Ci +/2Kqi B (36)
8C; = —KkmidCi + ApidD; + 8aid B + v/ 2 CM (37)
8D; = —Api8Ci — kmidDi — gmaiSAi — 28mpii8Ei + /21cmi D™ (38)
SE; = —ypi8E;i + 0pi8F; + gmpi (@} — ;)8 D; +/2ypi E™ (39)
8Fi = —wpiSEi — Ypid Fi — gmbi(ef +i)5C; + /2 F}" (40)

In the above Eqgs. (35)—(40), we define

28,31;,1'0)171' |exi |2

Ami = Ami — (41)

2. 2
Vpi + Wp;

and express the system dynamics using the compact form
uw(t) = Zu(t) + n(t), 42)

where u and n are the vectors of the input noise, given in the appendix. The drift matrix Z provides a compact representation
of the linearized dynamics of the quadrature fluctuations. It assumes a block-diagonal structure, with each block describing the
local cavity-magnon—phonon subsystem associated with a given node. The nonvanishing coefficients are set by the cavity and
magnon dissipation rates, the mechanical damping, the effective detunings, and the linearized magnon—photon and magnon—-phonon
interaction strengths. Because the Hamiltonian contains no direct cavity—cavity coupling, Z includes no Hamiltonian-generated off-
diagonal blocks connecting different nodes. For completeness, we provide the explicit nonzero elements of Z in Appendix A.

In the elements of the matrix Z given in the appendix, «; (i = 1, 2, 3) can be expressed as:

Q;

(43)

o] =
2
Eimai

Ami +lomi + T3 s

The drift matrix is constructed under the assumption that |(o;) 125> Kkgai, kmi. The dynamical stability of the system is confirmed
by ensuring that all eigenvalues possess strictly negative real parts. By further assuming Gaussian quantum noise with vanishing
mean values, the steady-state quantum fluctuations form a continuous-variable tripartite Gaussian state within each cavity. This state
is completely described by an 18 x 18 covariance matrix V, whose clements are defined as

1 L
Vi,j= E(ui(t)uj(t/)+uj(t/)ui(t))’ i j=12,...,138).
For a stable system, the covariance matrix is obtained by solving the associated Lyapunov equation,
zZv+VvzZT +D =0, (44)

where D denotes the diffusion matrix, the explicit form of which is provided in the Appendix.

The Lyapunov equation is solved numerically; however, owing to the high dimensionality of the resulting covariance matrix, its
explicit analytical form is not reported here. To assess and quantify the entanglement between different subsystems, we adopt the
logarithmic negativity [65], a standard and widely accepted measure of bipartite entanglement. It is defined as

Ey = max[0, —In(2x")]. (45)

Here, x’ denotes the smallest symplectic eigenvalue of the partially transposed reduced covariance matrix associated with the two
subsystems under consideration. In addition to bipartite correlations, this work focuses on genuine tripartite entanglement, which is
characterized using the residual contangle R; [59, 66].

@ Springer



Eur. Phys. J. Plus (2026) 141:208 Page 7of 14 208
35p T T T T T T T T T T T T T
3.0 — araz,b3 @ RERRRE R ®)

i RS
2.5F ": E 0.080F . 1
.é,_ 20F :lI 7 Eh - M4,My,M3 s~~
= 1.5 :: E < 0.075¢ RS )l
1.0F .'l r ‘s
1 g .
0.5¢ i ' 0.070} "
00 02 04 06 08 10 12 14 0.00 0.05 0.10 0.15 0.20 0.25
Aq1/(~wp)(MHZ) TK)
2.0 'o' ““ © ] 0.5F=-.. - d ;
. S| — aq,mp,mg3 0.4F S — my,by,my ]
1.5 ’ . ] AR
- 1.0F . + 1 “ M
= _—" ‘\‘ = 0.2' ‘~g~ ]
0.5¢ . ] 0.1 T
0.0k L L L RRE 0.0k L L L L =
0.00 0.05 0.10 0.15 020 0.25 0.00 0.05 0.10 0.15 0.20 0.25
T(XK) T(K)

Fig. 4 Plot of the tripartite entanglement thni“ as a function of the cavity detuning A, /(—wp) and temperature 7' (in Kelvin). Subfigure a (al, a2, b3)
shows the variation of R™" with A1 /(—aj) for the cavity—cavity—phonon configuration. Subfigures b—d show the variation of R™™ with temperature T
for the following configurations: b magnon-magnon—-magnon (ml, m2, m3), ¢ cavitg—magnon—magnon (al, m2, m3), and d magnon—phonon—magnon
(ml, bl, m2). The occupation numbers are: Np; = 20.4321, N,,,; = 1.72883 x 10~ 1 with effective magnon detuning A,,; = 0.6wp,;. Other parameters
are the same as those used in Fig. 3

In continuous-variable quantum systems, particularly those characterized by Gaussian states, the quantification of genuine tripar-
tite entanglement can be achieved using the minimum residual contangle. This method, proposed in Ref. [67], is based on computing
the contangle, which is defined as the square of the logarithmic negativity, across all bipartitions of the system.

For a three-mode Gaussian state, the entanglement between one mode and the remaining two is evaluated by partially transposing
the corresponding covariance matrix and determining the smallest symplectic eigenvalue. The contangle is then calculated for each
of the three possible bipartitions. Rather than subtracting pairwise entanglement contributions, the minimum among these three
bipartite contangles is taken as the minimum residual contangle, thereby isolating the genuine tripartite entanglement. For our
system, it can be explicitly expressed as

R;m”(ml,mz,nn) — min[R;"‘lmz’m, R;n2|m1m3, R;n3|m1m2]’

thnin(al’ mz,l’n3) _ min[R?"mz””, thnzlalnu’ ermlalmg]’

R;"i”(ml,bl,mz) — min[R;n]lblmz’ R?]lmlmg’ ernzlblml]’
R?i”(al,az,zu) — min[R‘TzllaZ‘”, Rtrl2|tl1a3’ Rtrultlldz]’

R?m(al,az,bﬁ _ min[RtTllldzhz’ Rttlzlalhz’ R?zlaldz]'

(46)

To clarify the role of the global coherent drive, we emphasize that all three cavities are driven by phase-coherent probe fields derived
from a single stabilized source. Although the cavities are not directly coupled in the Hamiltonian, their intracavity fields inherit
a common phase reference, leading to synchronized intracavity dynamics. This shared coherence enables the transfer of phase
correlations across cavities, which in turn induces intermode quantum correlations. These quantum correlations are revealed in the
off-diagonal terms of the steady-state covariance matrix and quantified using the minimum residual contangle. This mechanism goes
beyond classical phase-locking, as verified by the vanishing of entanglement when the global coherence is removed. Our results
thus indicate that the global drive plays a crucial role in establishing genuine multipartite quantum entanglement across spatially
separated systems.
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Fig. 5 Plot of the tripartite entanglement R7™" as a function of the effective magnon drive Ap1/(0.9wp1) and temperature T(K). Subfigure a shows
the tripartite entanglement among cavity modes (cavity—cavity—cavity). The parameters used are the same as in Fig. 5. Subfigures b—d present the
tripartite entanglement for b magnon—magnon—magnon, ¢ cavity—-magnon—magnon, and d magnon—phonon—magnon configurations, respectively. For
these subfigures, the parameters are «,; /27 = 4.7 MHz and «,,,; /27 = 1 MHz. All other parameters are the same with Fig. 4

Fig. 6 Plot of the tripartite T T T T T T T T

entanglement R”" 0.36F Tan — a..a,.a 7
(cavity—cavity—cavity) as a " 1 1,92,d3 1
function of cavity detuning 035F “ '
Ag3/(—wp3). The parameters are [] ' :
Kqi /27 = 2.0MHz, £ 034F : 1 -
kmi/2m = 1MHz. All other g N . 1 1
parameters are the same with S 033k 1 'l L
Fig. 5 . 1 ' :
] ' .
0.32F : 1 Fa—
0.31 ul 1 e

00 02 04 06 08 1.0 12 14
Ag3/(~wy3)(MHz)

3 Results and discussion

In this section, we present and discuss the outcomes for all categories of tripartite entanglement. Our analysis is based on parameters
that are experimentally accessible, specifically wy; /2 = 10 GHz, wp; /2r = 10 MHz, yp; /27 = 10% Hz, 8gmai/2m = 3.2 MHz,
gmbi/2m = 0.2 Hz, and By ~ 3.9 x 107> T. These parameters have previously been employed in a single-cavity configuration, as
reported in Refs. [34, 61]. In this study, we extend the same set of values to a three-cavity system to investigate the generation of
tripartite entanglement.

To confirm the dynamical viability of our three-cavity magnomechanical system, we perform a comprehensive stability analysis.
This involves evaluating the eigenvalue spectrum of the drift matrix Z, which governs the linearized dynamics of quantum fluctuations
around the system’s steady state. Stability is ensured if all eigenvalues of Z possess strictly negative real parts, guaranteeing that
small perturbations decay over time and that the system relaxes to a unique, stable steady state.

@ Springer



Eur. Phys. J. Plus (2026) 141:208 Page 9 of 14 208

0.2

fo] =¥

Fig. 7 Wigner function for cross quadrature fluctuations. Sub figure a, b Ay| = —0.6wp1, Agy = —wp2, Agz = —wp3, A1 = 0.9wp1, Ay2 = 0.8wp),
A3 = 0.8wp3. Sub figure ¢ Ay = —0.9wp). Sub figure d Ay 1 2 = —0.9wp1, p2, Az = 0.8wp3, Ayl = —0.6wp1, Ayr = —0.4wp, Ayz = —wp3
for all (a—d) the temperature is 7 = 10 mK. All other parameters are the same with Fig. 5

As illustrated in Fig. 2a, the computed real parts of the eigenvalues are entirely confined to the negative half-plane. This confirms
the unconditional dynamical stability of the proposed configuration under the chosen set of parameters.

To further assess the robustness of the system’s stability under variations in key interaction parameters, we examine how the real
parts of the eigenvalues of the drift matrix Z evolve with the magnomechanical coupling strength g,,51. As shown in Fig. 2b, all
eigenvalues maintain strictly negative real parts throughout the entire range of g,,,1 explored. This persistence of negative real parts
demonstrates that the dynamical stability of the system is resilient to changes in the magnomechanical interaction strength, thereby
confirming the structural integrity of the proposed configuration under realistic experimental conditions.

To investigate the generation of distributed tripartite entanglement under realistic experimental conditions, we analyze the entan-
glement measure R;“in as a function of two key tunable parameters: the normalized effective magnon drive detuning Ami /(0.9wbi)
and the normalized cavity detuning A,; /(—wp3). The entanglement landscapes for various configurations of hybrid mode triplets
are shown in Fig. 3, where the logarithmic negativity criterion is used for evaluation. The chosen parameters for the analysis are:
gma1/2m = 3.2MHz, gpa2/2m = 3.0 MHz, g,43/27 = 3.2 MHz, g5 /27 = 0.3 Hz, wp; /27 = 10 MHz, Q; = 7.1 x 10'*Hz,
Agi = —wpi, Ami = 0.9wbi, and yp; /2w = 100Hz.

Figure 3 presents a comprehensive analysis of tripartite entanglement across a range of hybrid configurations by plotting the entan-
glement monotone R™™ as a function of the normalized magnon drive detuning Am1/(0.9whb1) and cavity detuning A3 /(—wp3).
Each subplot showcases distinct combinations of magnonic, phononic, and photonic modes, highlighting the system’s potential
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to generate and sustain multipartite entanglement within a unified framework. Throughout Figs. 3, 4 and 5a, we assume matched
dissipation rates, i.e., kg; = Kp; -

Tripartite entanglement between spatially separated magnon modes (m1, m2, m3) is demonstrated in Fig. 3a. Each magnon
resides in its own cavity containing a YIG sphere, and although there is no direct coupling between the cavities, a coherent global
drive synchronizes the phases of all cavities. This coherence, together with strong local magnon—photon interactions, facilitates
indirect entanglement generation among the magnons.

A hybrid triplet configuration involving a cavity mode and two remote magnon modes, (aj, m2, m3), is depicted in Fig. 3b. In this
setup, the entanglement arises indirectly from the globally driven cavity fields, which couple locally to their respective magnons.
The coherent global drive ensures phase-alignment of the cavity fields, enabling the transfer of quantum information from a; to m,
and m3 via local couplings.

Shown in Fig. 3c is a mixed hybrid configuration involving two magnon modes and a phonon mode (m1, by, m2). Strong local
bipartite entanglement arises from magnetostrictive coupling between m and b; within a single cavity. Meanwhile, m; and m»
become correlated via synchronized cavity drives and photon—-magnon coupling chains, linking magnetic and mechanical modes
across cavities.

Depicted in Fig. 3d are the cavity modes (a1, a2, a3), which become tripartitely entangled indirectly through magnon-mediated
correlations. Each optical mode couples locally to its own YIG sphere, and the entangled magnon network transfers quantum
correlations to the cavity fields, effectively enabling entanglement swapping across spatially separated photonic modes.

Next in Fig. 4a, we consider a configuration comprising two cavity modes (a1, a2) and a mechanical mode b3, each located
in distinct cavities. While the subsystems are spatially separated, multipartite entanglement arises due to a global coherent drive
acting on all cavity modes, combined with strong local photon—magnon and magnon—phonon couplings within each hybrid unit. The
phase coherence introduced by the global drive, together with hybrid interaction chains, allows the mechanical mode b3 to become
quantum correlated with remote cavity fields. This generates effective multi-path quantum correlations that mediate entanglement
across the network, even without direct Hamiltonian coupling between distant modes.

Figure 4b examines the temperature dependence of entanglement in the magnonic triplet (m, m,, m3). Here, coherent global
driving sustains strong entanglement despite spatial separation. However, thermal decoherence progressively reduces entanglement
beyond a critical temperature threshold.

The temperature dependence of the hybrid system (aj, mj, m3) is illustrated in Fig. 4c. The entanglement shows moderate
robustness against thermal noise at low temperatures, remaining appreciable up to 7 ~ 0.1 K. This behavior reflects the combined
influence of coherent drive, strong local couplings, and dissipation, which enable steady-state entanglement to persist despite
increasing thermal fluctuations. Beyond this point, thermal decoherence dominates, reducing the quantum correlations among the
subsystems.

Figure 4d focuses on the mixed hybrid system (m1, by, m>), where entanglement starts from a relatively high value and decays
monotonically with increasing temperature, reflecting the sensitivity of such hybrid configurations to thermal fluctuations.

The resilience of photonic entanglement among the three cavity modes (aj, a2, a3) under increasing temperature is explored
in Fig. 5a. A gradual decline in coherence is observed, consistent with the thermal degradation trends seen in earlier hybrid
configurations.

Tripartite entanglement among the magnon modes (1, my, m3) is analyzed in Fig. 5b as a function of magnon detuning for the
regime k,; > kp;. The results show that the entanglement remains robust, even when cavity dissipation exceeds that of the magnon
modes.

Entanglement profiles for the hybrid configurations (a1, m,, m3) and (m1, by, my) are shown in Fig. 5c and d, respectively. Both
cases demonstrate stable hybrid entanglement across varying magnon detunings under the same dissipation condition, highlighting
the effectiveness of magnon-mediated coherence in supporting multipartite correlations.

A complementary view is offered in Fig. 6, which presents the tripartite entanglement among optical cavity modes (a1, a2, a3) as
a function of the cavity detuning. Conducted within the regime «,; > ki, this analysis reveals a persistent yet modest entanglement
level, emphasizing the capacity for sustaining photonic coherence even when optical losses dominate.

To investigate the effect of cavity—-magnon detunings on two-mode squeezing between cross-quadrature pairs, we reconstruct
the Wigner function, denoted as W (), which offers a quasi-probability distribution in phase space and serves as a powerful tool
for visualizing nonclassical phenomena such as squeezing and entanglement. The reconstructed Wigner functions are analyzed for
various quadrature combinations within the cavity—magnonic system.

As the configuration depicted in Fig. 1, the selective enhancement of spatial quantum correlations and efficient interfacing
of entangled optical fields with collective magnonic excitations. The corresponding phase-space Wigner projections reveal the
sensitivity of two-mode squeezing to detuning parameters and external field configurations. To this end, we construct the Wigner
function, defined as

exp(—%gﬁV‘le)
w2 /det V

where i denotes the state vector containing the fluctuation quadratures of two selected modes, and V is the corresponding reduced
covariance matrix.

W) = 47
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Figure 7a—d displays representative projections of the Wigner function W () for various cross-quadrature pairs: A, §F1,
8A1, §B2, §E1, §D,, and §A;, 8 F>, respectively.

In subfigures (a) and (b), the cavity detunings are set to A, = —0.6, wp1, Ag2 = —wp2, and A,3 = —wp3, while the magnon
detunings are chosen as Aml = 0.9, whl, Am2 = 0.8, wb2, and Am3 = 0.8, wb3. These moderately red-detuned parameters
enable strong photon—-magnon hybridization via beam-splitter-type interactions. As a result, the Wigner distributions in (a) and (b)
exhibit pronounced elliptical squeezing along the cross-quadrature axes, a hallmark of nonclassical correlations generated through
coherent optomagnonic coupling.

In contrast, Fig. 7c involves a significantly altered magnon detuning Am2 = —0.9, wb2, pushing the system into a highly
dispersive regime. This configuration was initially anticipated to yield degraded coherence and increased thermal noise, thereby
producing a more isotropic and thermal-like Wigner profile. However, the actual distribution remains distinctly elliptical and
squeezed—arguably more so than in (a) and (b). This unexpected squeezing suggests that nontrivial quantum correlations persist
even in this strongly detuned regime, possibly due to residual indirect coupling pathways or mode mixing facilitated by the multimode
mechanical bus. The anisotropic shape of the Wigner function in this case highlights the complexity of hybrid-mode dynamics,
where suppression of direct coherence does not necessarily eliminate squeezing, but can redistribute it in phase space.

Figure 7d explores an alternative configuration with strongly red-detuned magnons Am1 = Am2 = —0.9, wp 1,12, and cavity
detunings A, = —0.6, wp1, Agp = —0.4, wpa, Ayz = —wp3, along with Am3 = 0.8, wb3. This configuration reestablishes strong
hybridization across optical and magnonic modes, particularly via the mechanical interface, enabling renewed spatial correlations and
leading to clear elliptical squeezing in the Wigner projection. The emergence of this nonclassical structure confirms the reactivation
of hybrid-mode entanglement under favorable detuning balance.

Across all panels, the temperature is maintained at 7 = 10, mK, and other parameters are consistent with those used in Fig. 3.
These results collectively underscore the pivotal role of magnon detuning in modulating the nature and directionality of hybrid
entanglement. The rich variety in Wigner function structures, from elliptical squeezing to near-thermal distributions, reflects the
delicate interplay between detuning, coherence, and quantum backaction in multimode cavity—magnon—phonon systems.

It is important to emphasize that, although the three cavities are not directly coupled, the multipartite entanglement observed in
our scheme is enabled by injecting a shared nonclassical resource and subsequently redistributing it through purely local hybrid
interactions. Specifically, the tripartite entangled probe fields are generated by a common SPDC source based on a nonlinear BBO
crystal and are then independently injected into three spatially separated optical cavities. The initial intermode quantum correla-
tions carried by these inputs are converted and reconfigured into magnon—photon—phonon entanglement via the driven—dissipative
dynamics within each cavity—magnon—phonon subsystem. This resource-conversion mechanism is fundamentally different from
entanglement generation based on coherent (Hamiltonian) inter-cavity coupling, and it remains robust under realistic conditions,
including moderate thermal noise and finite frequency detunings. Consequently, our results demonstrate that steady-state tripartite
entanglement can be achieved in a fully distributed architecture without any direct inter-system couplings by combining exter-
nally prepared nonclassical inputs with local hybrid interactions in an open-system setting. This provides a scalable and versatile
route toward continuous-variable quantum networks, distributed quantum memories, and hybrid quantum interfaces for quantum
information processing and sensing.

4 Conclusion

In this work, we have proposed and analyzed a theoretically feasible scheme for generating distributed tripartite entanglement in
a network of three spatially separated cavity—magnon—phonon units, each realized by embedding a YIG sphere in an individual
microwave cavity. The hybrid subsystems are not directly coupled; instead, nonclassical three-mode entangled probe fields, generated
by a common nonlinear SPDC source, are injected into the cavities and converted into hybrid magnon—photon—phonon correlations.

Within a linearized quantum Langevin framework, we solved the Lyapunov equation for the steady-state covariance matrix
and confirmed dynamical stability over a broad parameter range via the eigenvalues of the drift matrix. The resulting Gaussian
steady states exhibit robust tripartite entanglement among different combinations of magnons, photons, and phonons, quantified by
the minimum residual contangle R;ni“ and the logarithmic negativity. The entanglement persists under realistic levels of thermal
noise and cavity loss, indicating resilience compatible with near-term experiments. In addition, two-mode squeezing of cross-
quadratures, visible in the Wigner function distributions, highlights the crucial role of detuning and coupling parameters in tailoring
the entanglement structure.

These results demonstrate how externally prepared nonclassical resources can be distributed and reshaped in a modular mag-
nomechanical platform, providing a promising route toward scalable continuous-variable quantum networks, distributed quantum
memories, and hybrid quantum interfaces for information processing and transduction.
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Appendix

The expressions used in Eq. (42) are given by the following

u=[x.y, 2"

with

X =8A1(t), §B1(t), §C1(t), 5D1(t), SE(¢), §F1(1),

Y =08A4s(t), §Ba(1), 8Ca(1), D (1), $E(1), 8F2(1),

Z =§A3(1), §B3(t), C3(1), §D3(t), SE3(t), SF3(t)
and

n =[x,y 21"

with

X1 = V21 AT(), /2601 BN, 261 CI(2), v/ 2661 DIN(1), /2761 ER(0), v/ 201 FI(1)
Vi = V262 A1), /262 BI(t), N 2km2 CIN1), /2662 DY), A 2¥50 EXE), /2762 FI (1)
Z1 = V23 AR (1), /263 BY1),  2m3CR(0), v 263 D(E), /273 EX(0), v/ 213 F (1)

where Z is the drift matrix, which can be extracted from the coefficients of the vector in Egs. (35)—(40).
The drift matrix can be written as:

X1,1 X1,2 - X1,18

X2,1 X2,2 -+ X2,18
218,18 = . . . ,

X18,1 X18,2 *** X18,18

In the above matrix Z, all other elements are zero, except for the following, which are relevant to this system:

X1l = —Kal, X12 = Agl, X14 = gmal>
X210 = —A4l, X202 = —Kgl, X23 = —&mals
X32 = Gmals X33 = —Kkml, X34 = Ay,
X4,1 = —8mal, X43 = _Aml’

X44 = —Kml, X45= —28mb10(1,

X54 = gmb1(Q] — 1), X55=—Vp1, X56=Wpl,
X63 = —gmb1(a] +a1), X65=—wpt, X6 = —Vbl,
X77 = —Ka2, X178 = Aa2, X7,10 = gma2
X837 = —Aa2, X88 = —Ka2, X89 = —&ma2
X9,8 = 8&ma2, X9,9 = —Km2, X9,10 = AmZ’

X107 = —8ma2s X109 = —Am2,

X10,10 = —Km2, X10,11 = —28mb202,

Xi1,10 = gmp2(03 — @2), X111 = —Vp2, X11,12 = Wp2,
X129 = —gmp2(05 +@2), X121 = —wp2, X12,12 = — Vb2,
X13,13 = —Ka3, X13,14 = Ag3, X136 = &ma3>
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X14,13 = —Ag3,  X1414 = —K43, X1415 = —&ma3 (65)
X15,14 = &ma3>» X15,15 = —Km3, X1516 = Ap3, (66)
X16,13 = —&ma3> X16,15 = —Au3, (67)
X16,16 = —Km3, X16,17 = —28mb30(3, (68)
X17,16 = &mb3(03 — @3), X17,17 = —Vp3, X17,18 = Wh3, (69)
X185 = —gmp3(03 +@3), X1817 = —wp3, X318 = —Vp3. (70)
The diffusion matrix is given by
el el - eyls
eyl e - ey
Dig, 18 = . . ) ,

€18,1 €18,2 - - - €18,18

From the above matrix D for simplification we mention its diagonal elements dia and other nonzero elements as

. / ’ / ’
dia =(x 1, K415 Kmls Kmls Ybl> Vbls Kgos Koo
4 !’

Km2> Km2s Vb2> Vb2s Kg35 K35 Km3s Km3,

Vb3s Vb3) (71)
e1,7 = KaaMi,2, e1,13 = ka3M3 1, €28 = —ka2 M 2
€14 = —kg3M3,1, €71 = kqa1M1,2, €713 = Kg3 M2 3
eg2 = —kqlMi,2, €8 14 = —Kkq3M2 3, €131 = kg1 M3, 1
e13,7 = kaaoM2, 3, e142 = —ka1M3 1, e14,8 = —ka2 M2 3

Here «; = ki (N +1/2).
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